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Abstract 

In the previous paper we developed a strong-coupling expansion for the lattice QCD 
with the overlap fermions and showed that Liisher's "extended" chiral symmetry 
is spontaneously broken in some parameter region of the overlap fermions. In this 
paper, we obtain a low-energy effective action and show that there exist quasi-Nambu- 
Goldsone bosons which are identified as the pions. The pion field is a nonlocal com- 
posite field of quark and anti-quark even at the strong-coupling limit because of the 
nonlocality of the overlap fermion formalism and Liisher's chiral symmetry. The pions 
become massless in the limit of the vanishing bare-quark mass as it is desired. 
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One of the long standing problems in the lattice gauge theory is the formulation 
of lattice fermions. Recently a very promising formulation named overlap fermion 
was proposed by Narayanan and Neuberger 0] and it has been studied intensively 
by both analytic and numerical methods. In the previous paper (which we shall 
refer to paper I hereafter), we slightly extended the overlap fermion by introducing 
a "hopping" parameter t and studied the lattice QCD by using both the t-expansion 
and the strong-coupling expansion. There we calculated the effective potential of 
the chiral condensation and showed that Liisher's extended chiral symmetry |^ is 
spontaneously broken at certain parameter region of the overlap fermion. In this 
paper we shall obtain an effective action of low-energy excitations and show that 
there exist quasi-Nambu-Goldsone bosons which are identified as the pions. As we 
show, the pion field is a nonlocal composite field of quark and anti-quark even at the 
strong-coupling limit. 

Action of the overlap fermion on the (i-dimensional lattice is given as follows. 



Sf = a'^'^ 'il>{m)D(m, n)'ijj{n), 



(1) 



where the covariant derivative D{m,n) is defined as 



D 

Y 

B{t; m, n) 



X- 



J^C^it; m, n) + B{t] m, n] 
t 



2a 



n] 



r 

2a 



(2) 



where r and Mq are dimensionless nonvanishing free parameters of the overlap lattice 

fermion formalism and Ufj_{m) is gauge field on links. Other notations are standard. 

We have introduced a new parameter The original overlap fermion corresponds to 
■^As we explained in the paper I, the t-dependence of the operator D{m, n) is abosorbed by a 
redefinition of Mq . 
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t = 1. For notational simplicity, we define 



A^\dr-M,), B^^, C^f, (3) 
a 2a 2a 



and 



r+(m, n) = 6m+^l,nUf,{m) + 6m,n+^iUl{n). (4) 
In terms of tlie above quantities, 

Xmn = A6mn + C -f^T~ {ui, Tl) - 5 ^ (m, n) , (5) 

(Xt)„„ = AS^n - C ^ 7/.r; (m, n)-Bj2 r+(m, n). (6) 

From Eq.(|^), B,C = 0(t) and we consider A = 0(1) in tlie later discussion. Then it 
is rather straightforward to expand D{m,n) in powers of t, 



C 



[171,12} 



+ E 7M(r;(m, /)r+(/, n) + r+(m, /)r^ (/, n 

^ 7M7.r;(m, /)r;(/, n) + 0(t=^). (7) 

Higher-order terms of t are nonlocal and the t-expansion corresponds to a kind of the 
hopping expansion. In the free field case or at the weak gauge coupling, the parameter 
region in which fermion propagator has no species doublers is easily identified in the 
[Mq, r) plane. However in the strong-coupling theory like QCD, the parameter region 
of physical relevance should be determined by another requirement, because the pole 
in the quark propagator is not a physical observable. Therefore it is important to 
study the lattice QCD with the overlap fermions in rather wide region of the parameter 
space. 

It is verified that the Ginsparg- Wilson (GW) relation 

D^, + ^,D = aD^,D, (8) 



is satisfied by the t-expanded D{m,n) in Eq.(|^) at each order of t. Action of the 
fermion Sp in Eq.([l|) is invariant under the following extended chiral transformation 
discovered by Liischer @], 

6'ijj{m) = e75(5nm - aD{m,n)^i){n), dipim) = ei){m)-f^, (9) 

where e is an infinitesimal transformation parameter. 
Total action of the lattice QCD is given by 

Slot = Sg + Sf,m, 
Sg = -4ETr(f/f/f/^f/^), 

Sf,m = SF-MBY.i'{m)i;{m), (10) 

where we have added the bare mass term of quarks. We shall consider the strong- 
coupling limit in this paper though a systematic strong-coupling expansion is possible. 
We consider the U (N) gauge group for large A^. It is easily verified that the following 
composite operators are covariant under the transformation |[, 

q{n)=tlj{n), q{n) = (l - ^D{n,m)^tlj{n), (11) 

that is 

6q{m) = e'j5q{m), 6q{m) = eq{rn)'^^. (12) 

Hereafter we often set the lattice spacing a = 1. We consider the case of negative A 
which is expected to have desired properties of QCD 0. 

Partition function of the U {N) QCD is given by the following functional integral, 

Z[J] = I D'iljDiljDUexp { - Stot + E ^H^(^)}> (13) 
where [DU] is the Haar measure and 

J{n)Q{n) = rp{n)Qi{n) 

Q'M) = ^Y.<laAn)<t^'{n\ (14) 
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with color index a and spinor-flavor indices a and f3. It should be remarked that the 
source J is coupled to the nonlocal operator Q instead of J2a '4'a,a{n)ip"''^ {n) ■ In Ref.p] 
we studied the gauged Gross-Neveu model with the overlap fermions and showed that 
Qa{n) is the proper composite fields for the extended chiral symmetry, i.e., the order 
parameter is given by Qa{i^)^af3 and the Nambu-Goldstone bosons correspond to 
tTs{Q{n)'y^) where tr5 is the trace over spinor indices. In the rest of the present 
paper, we shall obtain the effective action S'e//(Q) defined as 

Z[J] = J DQe-^^"^^'^+-^^ (15) 

where integral over color-singlet elementary "meson" field is defined as in Ref.0. 
In order to evaluate the partition function (|T3|), we make a change of variables as 



Then the measure of the functional integral is transformed as 

^ [dgdgje^^'^i^^i-t^), (16) 

where Tr in (|16D is the trace over the spinor-fiavor as well as the real-space indices. The 
contribution from the Jacobian Trln(l — |D) is easily evaluated by the t-expansion. 
In terms of q and g. 



= q{m 



C BC 

^Il7Mr;(m,n) + ^-^^7^(r;(m,/)r+(/,n) + r+(m,/)r;(/,n) 

+0{t^) q{n). (17) 



The term of 0{{C /A)"^) in (|^ has disappeared. As explained in paper I, this term 
is exactly determined from the term of 0{C /A) in (|^) through the GW relation. We 
expect that a similar phenomenon occurs for higher-order terms of the t-expansion 
which are determined by lower-order terms by the GW relation. That is, the terms 
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of higher-order of t which are determined through the GW relation drop when the 
action is rewritten in terms of q and q. The mass term is also given by 

C 

MBip{m)tp{m) = MBq{m) [Smn - '^t^^^ ("^' ^) 

E74r;(m, /)r+(/, n) + r+(m, /)r;(/, n)) 

+0{t')]q{n). (18) 
Total action of q is given by 

Sf,aM = SpM^). (19) 
Integral over the gauge field can be performed by the one-link integral, 

^w(D,D) ^ J ^jj^ [TiiD.U, + UlD,)] . (20) 

Explicit form of the one-link integral W{D, D) for the present system is obtained as 
in paper I. Gauge fields in r^(m, n) are replaced with composite operators of q and 
q after the integral over U^{n). (For details see paper I.) After some calculation, 

j i:);7e"'^kA/W+^Trln(l-iD)+^JQ ^ g-ArMBtr(Q)-S2(Q)+X;^Q^ (21) 



where tr in (^Tj) is the trace over spinor-fiavor indices and 5*2 (Q) is some complicated 
function of Q which is obtained in powers of t. Let us define the following operators; 



e = e 



= (^) (1 - ^) (Q(- + /^)7.g(m)7.) (22) 



Then in terms of e's, 5*2 (Q) is given as'* 
1^2(Q) = -Etr[^7(e,("^)) 



y 2 ) 



*As we shall see, Q - 0{t-'^] 



X E <tr Q{m + fi)'y^g'{e^{m))Q{m)'y^Q{m + fi + u)'y^g'{e^{m + fi)) 

-tr[Q(m + /i + iy)-ff,g'{e^{m + iy))Q{m + z/)7^Q(m + jj,)-f,yg'{el{m + /i)) 
+tr[Q(m)7^5('(e^(m))Q(m + ^)'^^Q{m + u)'^^g\t^{m)) 
-tr[Q(m + ij)-f^g'{e'^{m + z/))Q(m + + z/)7^Q(m)7^5('(e^m)) 
+tr[Q(m + iy)-f^g' {e^{m))Q{m)-fi,Q{m + fi + v)'^^g'{e^{m + z/)) 
+tr[Q(m + /X + u)-iyg'{ty{m + fi))Q{m + ^)'-i^,Q{m + u)-f ^g' {e'^im + z/)) 



-tr 
-tr 



Q(m)7,.5('(e'^(m))Q(m + iy)-f^Q{m + fi)-ff,g'{e^{m)) 



Q{m + fi)-f^g' {el{m + /i))Q(m + + z/)7^Q(m)7^5('(e^(m)) 



4^4 V- 2 



(l - -y-) Etr[Q(m + /i)7/,c/'(e/,(m))Q(m)7^c/'(e;,(m)) 



m,fi 



(23) 



where A^^/ is the dimension of the spinor-flavor index and 



g[x) = 1 - (1 - 4x)2 + In -(1 + (1 - 4x)2; 



(24) 



Elementary meson fields Q and their functional integral are introduced as in the 
previous case p, ^, 

N 



dqdqexp{^J^q:q^) = (detJj 

"dQidetay 



■N 



(25) 



where the integral over Q is defined by the contour integral, i.e., Q is polar-decomposed 
as Q = RV with positive-definite Hermitian matrix R and unitary matrix V , and 
§ dQ = J dV with the Haar measure of U(A^s/)0. From (^), there appear addi- 
tional terms like (A^Tr log Q) in the effective action. Therefore the effective action is 
given by 



SeffiQ) = Nj2[tT\nQ{n) + MBtiQin)] + S2{Q), 



(26) 
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Effective potential of tlie cliiral condensate is obtained from Seff in Eq.(p6D by 
setting 



In paper I we obtained 



(27) 



From tfie above result, we can expect that there appear quasi-Nambu-Goldstone 
bosons, i.e., pions. Naive expectation is that pions correspond to the composite 
operators like ipj^ip as in the continuum. We examined the effective action and found 
that there is no gapless excitation in the channel ipj^ip. However we found that there 
are massless modes in the channel tipi^Q'y:^^ = tri?(^gg75^. It is straightforward to 
obtain the effective action of the pions by inserting the following expression of Q into 
Seff in Eq.(^, 

Q(m) = we^'^^'^^M. (28) 



For example from (p2|) and 



(29) 



We obtain 



aEtrF(V^05(m))' - ^Etrp(05(m))'l, (30) 



where is some positive constant. Therefore the fields 05 are quasi-Nambu-Goldstone 
pions as expected. 

If we introduce elementary "meson" fields Ai as in paper I, i.e.. 



a,l3. 



m] 



and parameterize them as 



M{m) =^;e^^505M^ 
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it is shown that there appears additional mass term of 05 which is finite for Mb — > 0. 
This fact must be important for numerical studies of QCD with the overlap fermions. 

In this paper we consider the leading-order of We expect that in the next- 

leading order of a mass term of the flavour singlet meson will appear from the 
Jacobian in (|16D . This is a solution to the U{1) problem. The next-leading order 
terms in is under study and results will be reported in a future publication [p!0| 



Finally let us comment on the domain wall fermions at strong coupling. Very 
recently lattice U{1) gauge model with the domain-wall fermions was studied in the 



strong-coupling limit by the Hamiltonian formalism [|ri[] . There an effective Hamilto- 
nian for low-lying color-singlet degrees of freedom is obtained by treating the terms 
proportional to the gauge fields U^{m) as perturbations. This idea is very close to 
ours in paper I and the present paper though we employ the Lagrangian formal- 
ism. From the effective Hamiltonian obtained there, it is concluded that domain-wall 
fermions at strong coupling suffer both the doubling problem and explicit breaking 
of chiral symmetry. Furthermore it is claimed that the result also applied to the 
overlap fermions. However we do not think that this is the case. First, the effective 
Hamiltonian obtained there is local. We expect that by integrating over heavy modes 
of the domain-wall fermions there appear nonlocal terms in the effective Hamiltonian 
or action of the light fermions. Therefore it is suspected that the effect of heavy 
fermions is not properly taken into account in the calculation in Ref.[|T^]. Second, 
in order to prove the "equivalence" between the domain-wall and overlap fermions, 
bosonic Pauli-Villars fields must be introduced in the domain-wall fermion formalism 
^. As a result of the introduction of the Pauli-Villars fields, the GW relation is 
satisfied by the overlap Dirac operator in the action of the light fermions. However in 
Ref . |]ll| , the bosonic Pauli-Villars fields are not included at all. From the above rea- 
sons, we do not think that the result in Ref. [|n[] is applicable to the overlap fermions. 
Actually, the effective action obtained in this paper by integrating over the gauge 
fields is nonlocal even in terms of the chiral- covariant fields q{n) and q{n) and also 
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there exists the extended chiral symmetry for vanishing quark mass which is regarded 
as axial symmetry for small hopping parameter t. 
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